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FEEQUEMCY CURVES OF CLIMATIC PHENOMEEJA.' 

By HOWARD Roes TOLLEY, Scientific Assistant. 

[Dated: U. 8. Office of Farm Management, Washlngton, Oct. 24, 1916.1 

A person who wishes to nttem t farming in a new re- 
gion, or even one who farms int.e Ip igently in :I region with 
which he is acquainted, must hiive niore than a hn. - 
region. He should know how often it will be t.oo wet for 
one crop or too dry for another; how often the summer 
will be too cool or too hot; how often tlie growing season 
will be too short or the winter tmoo cold. In  short, a 
knowledge of t,he frequency of nnf nvorable occurrences 
of climatic phenomena is necessary for sucwssful agri- 
culture, and inasmuch as this hiowledge enters into the 
deterniinn.tion of what crops are or are not suitnble for 
any givt.n loc.n.lity, the invrstigat,ion of t,lie viwinbility of 
climztic phenomena is a niat.ter of great importance in 
farm mniingemcn t. 

All farmers h o w  that their business is liable to loss 
on a.ccouiit of unfavnrsble weather, 2nd most of them 
have n fair empirical knowledge d the aniount of risk to 
whicli their cro s itre subject,. To the man with only a 
small cnpit.d, t. R e loss of n single st,n.pIe crop wfi often 
be disa.strous, and the unsuccessful fniincr can of ten trace 
his failure to injurious weatber. Of course, this hiLznrcl 
can not be contrvlled, but B knowhdgc of thn ways in 
which climimtic henonieiia occur in generd, and an in- 
vestigation of t. ie records for a particular locdit will 
rendex it possible st le& to reduce the risk of such osses. 
Maps showing aver11 e conditions are a.t present availa- 
ble, but the avernge Sone is of little pract,ica.l si nificnnce 
unless snpplement,ed by &a showing the rc f ation be- 
tween the average and the nctun.1 occurrences. Maps or 
other methods presenting data. in concise form that 
would show the variations of the different henomenn 
from their averages would greatfly increase t P ie vnhe of 
tlie maps now avdable? 

Where the weat,her has been under observtition at or 
near a place for a sufficient Icngt,li of time to enable onc 
to deterniine the avern e conditions accurat,ely,S an ex- 

frequency with which a henomenon ninv be espected to 
occur in different ways. %lie records of nfl the phenomena 
at  nll the stations should br lianclltd in the same wn.y, a 
general method being eiii loyed in RU cn.ses, so that the 

tistical work, thc use of frequency curves offers the most 
systematic method of examining the variations prescnt 
in a series of observations. This method is necessarily 
mathematical, and in regard to the use of mathematical 
processes in this, or any other kind of investigation, it 
can only be said that- 

They are t.he abbredators of long and tediom operations, and it 
would be perfectly oesible, with sufficient time and induet.ry, to do 
without their me. * * When both t,he ordinary and mathemati- 
cal resulta are derived from the eame hypothesis, the latter must he 
the more correct; and in those numeroiw cases in which the difficulty 
liee in reducing the original rircumstgncw to a ma0hernatical foTm. 
there is nothing to show that me are leea liable to error in deducinq 
a comnion-sense result from principles too indefinite for calculation 
than we should be in attempting to define more closely and apply 
numerical reasoning: 

httzard knowledge of the vnrinhilit,y of the climate of t l! e 

f P 

aLminat,ion of the recorc f will reveal sonietliing n.s to the 

results niny be compnrnh P e. In this, as in all  other sta- 

~ - -  
1 The writer wishes to rerord his obllptlm to Prof. W. J. Spill,mnn, Chief U. S. Ollire 

of Farm Management. at whose suggestion nnd under whose direction this study has 
been undertaken. 

*In thk COmWticm, see Xed, 11: G. The probnblo growing season. MoITIiLY 
WEATHER REVIEW Sept.. 1916.44: 509-512 end charts. 

8 The number of hmrvations reqidrrd tideduce an armirsto mcmp depend some- 
what upon tho ranee of their vniiies. hiit in any mw. little neight should he sivrii to an 
average obtained from less than twenty observatims. 

I De Mor?, Augustue, 1808-18A. 

The frequency distributions, or tshe resulting frequency 
polygons of the records of most climatic phenomena, show 
tli:it there is a tendency for the number of occurrences 
to become greater as the middle point is a proaclied from 
either end, and the value that occurs o P tener than any 
otlier (t,lie mode') will enerdly be found to be somewhere 
nenr the avernge of nl 5 tho ohservnbions (the mean), mid 
the value dividing t,he occurrences into halves ( tSho 
medinn) will also be nenr tlie rnem.5 The usefulness of 
the nvernge is largely dependent on the assumption that 
these three vdues w e  very nearly, if not exactly, coin- 
cident. If the number of ohservzit.ions is reat, i. e., if 

different fre uencies will he more regular than if there are 
only a few o B servntions. If it were possible to increase 
the number of observittions inclcfini tcly, all the irregu- 
larities would clisnppenr aiicl t.he frequtmcy pnlpgon would 
very closely np rcmh a sm0ot.h curve, rising gildually 
from the base P iiie at  n point 1,eynncl thntS representing 
the lowest observed m.lue of the vnrinhle, retiching its 
highest poilit) at the vtiluc that occurred most frequently, 
then grdually falling away to the haso line ngniii nhove 
tho highest observed valuo. If, in t.liis limiting case. the 
polygon, or curve representing it, is symmetncal about 
the ordinate of t,he niem as an asis, the medinn and mode 
coincide wit.11 t,l.ie nicim, i. e.. the nvernge of ::11 t,lic? obser- 
vntions is the vdue that! occurs most frequently, and 
t,hc?.re are t.he same number d o v e  the nverngo as below it. 
However, if the curve is not aymmetricd, the mean and. 
the mode will not coincide aiid t,ho dist,tmce between 
t.lieni will depend 9pon the amount of devintioii from 
synimet.ry, or skewness, present in tho distribution. 

In pritctid work it is not possible to increase the 
number of observntioiis at  will and the data must be 
used as t.liey itre found, but it, may be possible to deter- 
mine t.lie idenl curre which a, givoii frequency distribution 
approaches. This curve will give a frequency corm- 
sponding to any value of t,he variable. and if it is known, 
t.he investigator is no longer restrict,ed to the, use of the 
mbitrary groups of the observntions themselves. From 
the esaminntion of a limitwl number of observations, 
t41ieii, it, hecomes ossible to ohtiiili a reasonable estimate 
of t,he series of P requencies that. would result from an 
unlimit.ed series of observations. That is, nil esnmination 
of the record of any climatic plicnomenoii might! enable 
one to form an idea of tha distribution to be espect,ed. 

If it c.an be sat.isfactoril7 demonstrated t,hat in f.he long 
run t,he average value wdl occur more fre uent.17 t.han 

age are equall likely to occur, it is generally safe to 
assume t,hat t z e ideal form of the dist.ribution is that 
shown by trhe normal fre uency curve. The character- 
istics of any distribution w 4n ich can be represented by this 
curve can a11 be espressed by a single number, the stand- 
ard &viation, and in order to determine the curve that 
will represent the ideal form of any series of data trhat 
eshibik the properties indicated above, it is only neces- 
sary to know the posit,ion of the mean and t-he size of the 
standard deviat.ion. From this it is possible to find the 

ortion of t,he total number of occurrences which will 
R ~ v e  a value reater or less than acy selected amount, or 

what is the same thing, the probability that any observed 
value will be greater or less than a given value, or that it 
will lie between any two values. Tablese have been 

the record is n very long one, t,hc distri Q utinn of the 

any other, and that deviations above and be 4- ow tbe aver- 

t,he portion t % at will be between any two amounts; or, 

For a more detailed dkcusslon with rxarnplrs, scc C F. .Watoin Elementary 
notrsonlcast squares * * * for metcoroIogyandagricu1t;re. YONT~LLP WEATHEB 
RE\IEW Oct 1916 c(: 551-569. 

a Duseiporf "C. B.' Statbtical methods. ed. 3 New l-ork 1014 
Pearson, K: Tables for atatidtlui3ns and biomhAana. dambhdge, 1914. p. 2. 

p. 119. 
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constructed from which it is possible to find these quanti- 
ties directly when the mean and standard deviation have 
been determined. It is evident that the 'use of this prop- 
erty of the normal curve will 've much more satisfactory 

rences durin a given interval of time, for the short'ness 
of the recor dg s of all cliniat.ic phenomena makes it impos- 
sible to assume that the ercentage of cases which esceecl 

would be observed in the long run. 
As an example, take t.he case of the last killing frost in 

Spring, the distribution of which follows t,he nornial fre- 
uency curve, and suppose it is desired to find the 

ferquencg with which frost should be ex ected after any 
iven date a t  a art.icular station.' The P ongest available 

59 years, and it is not reasonable t,o assume that the 
frequency distribution of a record of t.his length is regular 
enough to warrant one in drawing any very close derluc- 
tions froni a mere count of the number of times t.he last 
frost occurred on the different dates. However, by using 
the fre uencg curve of t.he dist,ribut.ion in t,he manner 
above 1 escribed, one may avoid this assumption. The 
form of t,he curve depends on the st.andard deviation 
which, in turn, is determined by the way all t,he ob: qerva- 
tions are arranged, and consequent.ly the difficulties duc 
to the irregularhes which are always present in the dis- 
tribution of a small number of observabions disappear. 
The most reliable niethod of finding t.he date after which 
a certain portion, sag 1/20, of the last frost.s should be 
expected to occur, would be to find the c1at.e corrsspond- 
ing to the point whose ordinate cuts off 1/20 of the area 
of the fre uenc curve for t.he distribution. An esnmi- 
nation of t Ill e ta les shows6 that the r h o  of the departure 
from the mean to the standard deviation, z/u of such a 

oint is 1.645. That is, the date after whicb the last 
Killing frost will occur in 1/20 of the yoaxs is 1 .645~  days 
after the observed average date. 

'fiis method of procedure is coniparatively simple, 
and where the distribution of a phenomenon is truly 
normal, it is possible to obtain very reliable statements 
of the risk froni unfavorable conditions. Howerer, the 
frequency distributions of inost climatic phenomena are 
not normal, and in such cases the procedure is not nearly 
so simple and clear cut. A convenient ant1 adequate 
test for norniality is an examination of the record to 
find if there are the same number of occurrences on 
either side of the mean: that is, if the number of positive 
departures is equal to t.he number of negative departures. 
If these numbers are not equal, evidently the tlistribu- 
tion is not symmetrical about the mean, and can not 
be accurately represented by a normal curve. It is not 
safe to assume that sli h t  deviations from symiiiet,ry 

o E servntions ("fluctuations of randoni sainpling "), and 
that the ideal curve will be symmetrical, for in most 
cases found in actual practice this skewness will persist, 
regardless of how large the number of observat,ions 
becomes. 

As a.n exam le, take the record of annual rainfall a t  

of these 37 years t.he total rainfall was css  t,han the 
average, and in 17 it  was greater t,hnn the average. 

results than a simple count o F the number of such occur- 

a given value, say, is t B e same as t,he percentage that 

frost record in t B. e Unibed States covers a period of only 

a pearing in short reco. 3 s are due solely to scarcity of 

Cumberland, b P d., covering a period of 37 ems. In 30 

, 
7 Re@. W. 0.. b. Tollry. H. R. Wosthcr as R bu.dncss risk in fnnninc. Ccogr. Rev.. 

NCW 1 ort, July, 1916. 2: 4S-53. Abstract in YONTHLY WEATUER REVIEW, June, 1916 
44: R54-35s. 

8LJu~rnpwt C. B.. op. rit p. 119: Prarson, K.. or. rit.. p. ?. For a wwenient 
graphic metbh  of obtziniog'ihese ratios. see Spillmarz, n: J., Tollry. H. I?.. S. X t r J ,  
li: 0. The avcege interval curve and 11 ap l~catlons to meteoroloyid phenomena. 
ht0XTEILY \YEATHER REVIEW. Am, 1916.44: h-#lO. 

Now it iniuht seem that if the record were longer, the 
addition of the other observations would chan e the 
position of the mean and the arrangement of the d s erent 
values sufficiently to overcome this lack of symmetry. 
But the rainfall record at New Hedford, Mass., covering 
a period of 94 years, shows t,hhut the annual rainfall was 
less than the average 51 times, and greater than the 
average only 43 times. Froiii R statistical point of view, 
a record of even 94 years is too short to furnish more 
than a rough npproxiniation of t.he ideal frequencies to 
be especteil, and accordingly the distributions at  31 
st,ations, wiclely distributed over the United States, with 
records varying from 30 to 94 gears in length, com- 
prising a total of 963 observations of annual rainfall 
were combined, and even then 581, or 60 per cent, of 
these 963, were less bhan the arerage for their respective 
stations. Sir Alexander Rinnie has assenibled the 
records for 14 stations widely scattered over the world, 
with periods of observation estencling froin 19 to 60 
years, giving a total of 489 observations, and finds that 
265, or 54 per cent of t.heni, were below the average for 
t,licir sbnt,ions. 

Thus t,he indication of skewness esliibited in a coin- 
purativelg short record of 37 pears is shown in about 
the same degree in another record nearly t,hree times as 
long, and is found to be present not only in records for 
the entire United States, but for the whole world as 
well. Although this skewness is so slight that it might 
easily be igiiorcil in an one record, and in fact some 
short records do not s i ow t,liis skewness at all, it  is 
cvident.ly not sah t,o make any tledugtions based on the 
assumption that the rainfall at  any station for any year 
is just as likely to be grcnter as less than the average. 

A further tlifficulty presents itself at this stage, fof it 
is not generally possible to tell c.sactrly, from any a pnon 
considerations, whether the frequency distribution of 

the nature of these causes 
normal distribution. The 

are not yet known 
t.0 determine in 

this manner the character of t>he clistribut,ions which 
t,hey follow, and since a t  least 500 t.o 1,000 observations 
are necessary to construct n frequency pol goii from 
which an ordina count of cases would be re i 'able, and 
as it has been T s own that raiiifa.ll, at  least, does not 
follow the noniial law, some other means must be devised 
to secure dep~ndnble results. 

If we take a number of frequency distributions which 
tend to be symmetrical and combine them into one dis- 
tribution, it is evident that the result will still be a sym- 
metrical distribution, and it can be shown that if each 
of the component distributions is normal the resulting 
distribution will be normal. Of course, it would be im- 
possible to determine the constants-i. e., the position of 

B Binnie, dlrrander. Rainfall reaevoirs and water supply. New York, 1913. p. 14. 
10 Jltrriman, M. Textbook on the niethod of lesst squares. New York, 1883. 

p. 15 et seq. 
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the mean and the size of t,he standard deviation-for 
each of the coiiiponents from the equation of the result.- 
ing curve, but the type would still remain. If a iiunihvr 
of distributions exhibiting skewness of varying aniount,s 
in either direckion from the nieaii are conibined, they also 

sonable to su )pose t,hat some single type of curve will 

ing frost in sprin- or any other single phenonir.non, nnd 
that this type w% be that resulting from t,he conihintr~- 
tion of a sufficient' number of records of r nrying lcngth 
selected at, random t.0 give a siiiooth frequency polygon. 

will tend to give a nornial distribut,ion; but it seen-: I3 rea- 

represent all t h e distributions of annual' rainfall, hst kill- 

n 

PIG. 1 .  ;.rqiiriim~y ;~n,y:!oii :mal ~ws!-fillin: nf.r.iin! ~r*~vix:wv ciirw ni l ! ! ~  tl::iRb SC b i r i  
I:illirig Irosi io  s:mnc. ror the ronil.iiic; rcrws.is h :G' stalioiis. ctliiilri.riti; s.2.: 
01 wrvstioiis. 

This should be clone hy combinin- the depart.ures from 
the niean for each record, rat her t.Ean by sinip1;v :irrmg- 
ing the absolut,c nmount.s into n freqiltwc\r ifist.ribution. 
The niettns of t.hc records v:ould necessariljv hnvc a ron- 
siderable range, itlid if the ahsolute i1.niount.s were uscd 
it is evident t , l d  talie distribution rcsulting from t.hc 
conibinat,ion would be n ~ c h  ~ A ~ O I T  irrcgulnr t,lian if tle- 
pmtures were used in each CRS.~?. If the records xro nr- 
ranged so that, all t.hc nie;i.iis coincide, niicl if t,lie distri- 
butions are dl of the sttnie ty >e, t,he only effect of coni- 

of them. Thus this is a kind of art.ific.in1 method of ob- 
taining nn approsiiiiatioii t.0 t.he general liw goveniing 
the dist.ribut.ion of n phmomenon w-hsn no oiie record is 
lon enough ti:) show t.his lmv c.onclus~velj~. In the case 
of f ast frost in sprin- the frequency polygon resuhing 
from tt conihinatioii 07 t.lie records of ~3 st,at,icuis, wit.li it 
total of s'23 yeais of observation, was one which followed 
the noriiinl curve very closely. On ncmunt, 
of this fact it, was nssumeil t.hnt. t.he tlist.rihut.ion for e y r y  
statmion v.--ould he nornial if t.hc nuni.hcr of trhserrnt.ions 
were large enough, and the results of t,he work based on 
this assunilhon semi w r y  snt,isftict.ory." 

bining them is to snioot,li out t. \ le irregularities in any one 

(See fig. 1. I 

n 

l b i .  2. Vrrqisncy !in!y;.on riri :i-inrh protipsi iiiid i,i%t-littiiir nnri-,io1 rn~tl:irnvy curre 
Inr the ro:iil~inalioii t i r  21 rccorik of :iiiii:iu rmii6r:I. rrprrwnting 91% oi.scrv:ilinii<. 

The records of annual rainfall for 21 st.ations, wit.li 
periods of obsendion vixrying from 3 O  to !)-I ywrs in 
lengt,li, wit,li :t t.ot,d of 963 ohsrrvnt,ious, have heen coiii- 
binecl in t.liis ~iituiner (see fig. 2)  t.o forni B freqiieiicy 
polygon, and t.lie best.-fit.ting norriicll c'.urve found. A 
conipnrison of this polygon antl the result.ing curve with 
those for the dates of hst. killing frost! in spring (fig. 1) 
__ . _ . . . .. ___ .. . . - . - - .. . . - -. - 

11 Rrrd, 11: 0..  toll^!^, fl. R.  Wwlher :is D business risk in farming. Lor. cit. 

shows that the nornid curve does not, describe the fluc- 
tuations of annud rainfall nearly so well ;LIS it does those 
of lsst killing frost in spring. It is possible to determine 
rigidly the probability that any giren dist.ribution would 
be nornid in t,he limiting case-i. e., the probability that, 
t,hc lack of fit is due merely t.0 p,zucit,y of observat,ions. 
(" The probability that random smipling would lend t,o 
as lnrgs or larger devint.ion bet.wecn theory and obsrrva- 
tion.'')12 The 11 qdicstion of t,liis t.est. sl~ows tliat, it is 
highly improhab \ e that. the nornial curve is t,he limiting 
forni of t>liis polygon. 

In a w s o  of this kind. the ruloulntctl nvert:ge hna lost 
two of its most r;iliit:l)lt: pri)pert.ies. Since the mean, 
niedinii! tint1 niotle are not identical, tlc.vint,ions above 
am1 below the mean are not equnlly likely to O C G U ~ ,  ant1 
t . 1 ~  mcwi is not the vtiluo t.lint, will occur most frer uentlq. 
nc oii~v pro1)crt.y rtmtrining to t.he mcwi is t lx Jge1)riilc 
one l y  w-!iic~.li it, is c-lefined : it, is t.lie suni of all the ohserva- 
tdons tliricletl bj- t h i r  numl-wr. In tirnling with R 
i)lic.nc.,nic.iiori lilit? riii€:ill, t,liis p p e r t . y  might. be )ut to 
YOMC' use, but. it is ciifficult. 1.0 we m y  p~irpwe w- 1' iich i t  
coulcl serve in cwinection wit.li a phcnomenon of tenipers- 
t,ure. In IL likr niaiiu~.~, t,he st.iintlurc.! dcvint8ion un longer 
s h n - s  t,he cscict, way in ~vliicli t.lw ol>scrnitions are 
grim pctl iLl>t:iIit, the niriui, niid it.s wC:uriLc:y tis t h  nimsure 
of c!ispwsiton liccmnies less ::id IWR ais the nnicunt. of 
S ~ ( ~ \ V I I C S S  illi~TcXSc!S. L o c I ~ ~ ~ A ~  :It. it. in zi1iot.ht.r way, the 
p.osit.ion of t.l;e nienii n.nd t.hc sizc 01" tkc stonr1:xd devin- 
tloi1 no Ioiigi:r tlefine the ilist.rilmt.ion. In  wltlition, it is 
~ i ~ c e s s q -  to know t,he posi t,ion of t.lw niot1i::ii ~ n t l  the 
nioclc, niitl t.o find some ac(:urat.e nieasurc of clispcrsion. 
The posit,ion of t,lie nirtlian, that, with the s m w  iiiiniber of 
ohseirnt,ions on cadi side of it.  t:illi hc found hv counting, 
hut. we hnve 1 1 0  w'ay of determining the prohthlo error of 
this posit.ion, i. e. ,  how much t>his position woultl change 
with :LI~ increnw in t.ltt' nunilwr of o!mx-vations. anrl.it is 
irnpnsailile tu tlet~erminc even t.lw npprosinint.~ position 
of tlir modr in a frequen':y clist.ribu tion of so fow nlmna-  
t.ions as t.lilita of t,lie orclinsrg climntic record. 

Fir;. ::. .\ typical skt'w ciirvc. (c'onipare Marvin, op. Pit. .. p. 555, fig. 3. 
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while the part between the ordinates of 2 xncl 2, is the 
portion of the observations which should show a vnlue of 
the variable between 2, and z2. Prcsunitibl , all t ime 

known. 
If this equation be some form, say, y = J'(.r), t.1ic.n siner. 

the position of the mode is at  the point where the c.urvo 
becomes pnrdlel to t,he asis of x it cmi he. found tlirectly 
by solving the differential equation ( 7 y / d c  = 0. h y  ye- 
quired nren can he found by the use of the tlefinitc 
integral; for inst,nnce, thc area het>m-een t,he orclinat,es 

of z, aiicl r, is J~(x1{72. But t,~ie grcut cliffimiltg liea i11 

obtaiiiin- n curve which will give n renscmnhle fit, to t,lie 
clatn, an5 tat tlie same time present.nn ecpt,ion t1i:it (mi 
be differentiat,ed niid int,cr*mt.ed withvut. siic.11 lahriou:: 
co n i p  t,n t io n as t.0 ni nlie tRc wo r1< i iii prnc t,ic:iI>le. 

Va.rions attempts 1 in .m hem nintlc t.o finc! usablc c.i~rves 
tb describe skew clist.l.ihut.ious. Pearann l3 lmi cleviscc-1. a 
system of c.urves, of which the noriii:il curve is :I, spefvpl 
case. designed to cover the pntire range of skew V U ~ I R -  
tions, tinil has made est,eiisive w e  of t,heiii in his re- 
searches in biology ant1 anthropology. This t.iiwry o: 
frequency cilrves .IS built, arouiitl the peucrnl diffweiitinl 
ecpition of n unimoclal curve. This qu:it,ion is of t.iw 
forin 

1 &I .r - rr . d;i = .- ~ ( , i  j ' 

and if F(.r) is espanrled by Maclaurin's theorem, it be- 

quantities c.an be found if the equation of t i e  T curvo is 

I? 

21 

collies 

1 dtl .r - a 
.1J d.c eo + e , ~  +c,d + . . . . --.. = 

The c,oefficieiibs of the r ' s  can all be tlet~erniined fri 1111 the 
observations, hut on account. of t,he u t1ccrtaint.y 1 - d  t . ! ~  
coef€ic.ient.s of the higher powers, only the fir.t. tlireo 
terins of the expansion of F(x) tire ret.n.iiit\!l. 'Le  dif- 
ferentia.1 ec uat,ion is then int,egrat.ed til find thv general 
equation 01 the frecluelicy curve. a.1it1 t,lie p.onsti1nt.s of 
the curve found from the first., s~cc-iii<I. t,liirrl, iliic 1 fourtli 
po\vers of the clepa.rtrures from the iiie~ii of t.lic 0 1  w r  rn- 
tioiis coniposing the frequency tlist.rihut.icsn unilcr con- 
sitleration. IIowevcr, the result.ing equat,ic.)ns of the fry- 
cluency ciirves nre so complicated, auil t.he conipu t,at,ioii 
of the constants so lengt,hy an operation. t.li:it. tho task 
of analyzing tlie data st, any great nuniher of stabions 
for even one cliniatic phenomenon would be hopeless. 
Also it is not possible to integrate t.hr orlllil.t,iolis of the 
curves in the general cttse, and c.onsequeiit,ly ti, generd 
espression for the area between any tx-o orc-lmat.c~s i!:m 
not be obtained. Of course, they give 11. theoretical 
position for the median and t,lie mode, and the number 
of occurrences of niiy particular miount, +ut the ma.in 

art of the problem in dealing with c1ini:i.tw c h t i i .  is to 
End the portmion of the occurrences greater or less t.linn ti 
given nniount. and for this they seein t:, offrr litde :hl. 

Others," by an extension of tlie niethcl froni which 
the iioriiial law wns clcclucecl, have tlc\-elopixt i i  tdirory 
for skew varint,ion which gives curves more closely :illid 
wit,h t,he normal curre, and although they do not c o ~ c r  
the entire field as t.hnroughly 119 do Pearwn's forniul:~, ii 

13 Praraoir, h-. Skew variation in iioino:enenos mntcrkil. 

14 Edurrrnrlh. F. 1'. The s:ener:ilize4 law o l  error. Journ:il. 
h n d o n .  ISM. b r .  A, 186: 3434 l l . .  

1906. 69: 49i-530. 
Thirlc T .  A'. Theorv of o:'.servntions. Lnndnn. 1903. 
Gz~rlih. p.  1'. L. kcsenrrhes iutn the tlicory 01 p r !  a? 

Observntoriet . . . MIrdi1e:sndeu . . . h r .  2. nr. .I. i !ion:l. 
Hanrllingar, N. F.. ld. 16, nr. 51. Lund, l9OB. 

study of the forins of the ecluat.ions and the calculations 
of the necessary constants compels one to conclude that 
in the analysis of cliniatic data they are much more use- 
ful than Pearson's better known forms. 

If w e  call this theory the genartilized law of frequency, 
tlie equation of the gciieralizerl frequency curve is 

y = *io F(X) + -4, F1(.c) 4- F"(.r ) + A, F y x )  + 9, P ( . C )  + . . . 
where 

1 

tlie equntion of the iiorinnl curve; f+"( , t : ) ,  P ( . c ) ,  et,c., are 
the first, sevonil, itnrl higher derivatives of Y(x) and the 
A's are cueHicicnt.s inc.lel>e.ntlenta of ,r ,  to he deterniiiied 
frnin tho series of ohserrnt.ioiis u u c l t ~  consideration. If 
t.he orisin is taken at the mean, and if for simplicity, the. 
c d r e  :ire% of tile curve is rlesimat,cd ns unity, t.lie cmffi- 
cicwt -1, hewines unity, A, ilnK2t2 nre cwii erliiti1. to zero, 
m i l  t l i c  equation reclucns to 

!/ = Iq.4:) +A, F y r )  +*-I., F'V(1:) + . . . 
'llie coefficients A43, A,, etc., are functions of the third, 

fourtli, and higher owem, respectively, of the departures 
of the individual o E servations from their mean.ls If we 
call the average of the cubes of the departures p, the 
average of the fourth powers, p,, etc., then 

Now if t.he observations follow the normal law these 
coefficients, together with all the following ones vanish, 
and the equation reduces to that of the nornial curve. If 
the distribution is s mmetrical, t,he cubes of aU t,he nega- 
tive departures wiJbalance the cubes of all the positive 
departures, and p, will reduce to 0. The value of 
pa will increase with the skewness, and its sign will show 
the direction; if the sign is positive, niost of the observa- 
tions will lie below t.he mean, and consequently the value 
of the mode will be less than the mean, while if it is nega- 
tive the reverse will be true. If the skewness is no greater 
than that found in the distributions of climatic phenomena 
so far esamiaed, t;he series is rapidly convergent. The 
first term, F(s) ,  dominates the entire series, escept near 
the ends of the distribution, and the coefficients of the 
derivatives of higher order decrease so rapidly in size 
that t;he first two or three terms describe the distribution 
as c.losely as the number of observationt warrant. 

!L%e use of the terms of higher order will, of course, give 
an equation containing a greater nunibex of constants, 
and on that account will give a closer approsimation to 
any limited set of observations, but the probable error of 
the constants derived froni t;he higher powem of the 
departures iY large, and because of this it is doubtful if 
the use of a large number of ternis of the series would 
enable one to make any better est.imnte of what the fre- 
quency distribution of a climatic record would be in the 
ideal case, than that whic.h can be made from a considera- 
tion of only the first (mean)? second (dandard deviation), 
and third powers. 
--- 

I:, This method of determini= the constants of a curve frnm the surrassire powers of 
the de wtiires is t.erint-d the nrrlhod of ?110mrn:8 (cf. moments of inertia). for an explana- 
tinn oPwiiirli S P ~  Pmrson, K.. The srstematic fitting of rurves to observations and 
nieawrenients. CIornet.rika v. 1, pp. ,Xi5-303: s. 2. pp. 1-13. April hiov., 1SOa: EldErfon, 
11: P.. FrequenPy CUI'TBS snh rorrdation.  ond don. IQW. pp. 13-35. 
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Any presumptive distribution based on the higher 
coefficients can be of little value as far as these higher 
coefficients affect it, on account of the fact that the aver- 
ages of the sum of the higher powers of the departures 

me a5 the number of observations are liable to 
increase. It as been found that coefficients involving 
higher powers than the fourth are valueless, even when 
there are several hundred observations," and conse- 
uently the coefficientig involving powers higher than the 

h d  can be of little value in determining the ideal dis- 
tribution when the record consists of less than one hun- 
dred observations. 

Tat thane 

The equation then reduce to the form, 

y = F(z)  + A , P ( r )  

which becomes 

when the valuw already defined are given to -43, F(z) ,  
and Fm(z). In  order to construct this curve, it  is neces- 
sary to compute only one constant, p3, besides the mean 
and the standard deviation (see fi . 4). 

between any two ordinates determined. Jaliing the form 
The equation can be integrate f readil and the area 

21 = z q x )  +a, F" (r ) ,  

the indefinite integral is 

which upon rccluct.ion gives 

where k = p,/." for the area between the two ordinates 
whose departures from t.he nienn arc (posit,ipc) 2, and x,. 
Tlie area beyond (to the right of) the ordinate. of any 
positire departure x,, is given by 

c/ I 1  

Si1ic.e the entire area of the curve has been made equal 
t,o unitmy, tfhe area tjo the left of the ordinate of x,  is given 
hY 

J -03 

The sun1 of tlic two quant.it.ies is the entire area of the 
ourve, and upon addition t,bey give 

---__ 
~~Pcoraon K. M:Lhematlcal cantrlbutions to the theory of evolution XIV: The 

p m l  the&- of skew. ?orrelation and nonlinear r m i o n .  Drapers L'o. Research 
enloirs. Biometrlc Series 11. London, 1905. p. 7 et seq. h a .  4. Frequency curves showing amount and direction of skewness indlcated hy 

different, values of k. 
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which is the entire area of the nornial curve and equal 
to unit . The quantity enclosed in the bracket,s van- 
ishes wzen z= m , and it can be evaluated by direct com- 
putation’l for different values of k and u. The first 

F ( x ) d ~  is the integral of the e q u d o n  of the 
curve, and its value can be obtained from t.he 

Pearson or Davenport. The two ternis can 
then be combined to form new tables, which will give 
immediately the portion of the area of the skew curye 
on either side of any ordinate when t and u are known 
for the distribution. Tables givin the percentaw of t,he 

scissa is 2, have been prepared for values of k. at inter- 
vals of 0.2 from k =  - 1.4 t.o k- + 1.4, and values of x/u 
n t  intervals of 0.05, froni x/u = -3.00 to ;r/u = 4-3.00. 
(Table 1.) By interpolnlion from this table, it is possible 
to fitid, to four places of decimals, the portion of t.he area 
o:i eitlier sidc of nng ordinate or that between any two 
ordinates, or what is the s m e  thing, t,he probability of nn 
observation bcing greater or less than any given vrtlue, 
or the probability o f  it,s lying between any two selected 
mlues. 

The reciprocal of t,he probability of the occurrence of 
an event inay be c d e d  the avemge i.nttwaZ between such 
occurrences. For instance, if it has been found that 
one-fifth of the observations of annual rainfn.ll at  a 
station should be below a certain amount, then the proba- 
bility of t,ha rainfall for any year being less t,lian this 
amount is one-fifth. mid the average interval het.ween 
occurrences of rainfall less than this amount is fire yeais. 
If, then, the reciprocals of t.he quantit.ies (considered as 
percentages) given in Table 1 are plotted against their 
respeckive -dues of z u, the resulting family of curves 

rences great.er or less than any selected Such 
curves are easily constructed and in many cases where 
meteorological data are under consideration, their use 
will be found preferable t.0 that of the tables. The use 
of t,hese curves, to find the appropriate value of a/u for 
any given average interval, or vice versa, when 7L. is 
known, requires less t.ime than bhe use of the t.ablrs, and 
if the curves are properly constructed, values thus found 
will generally have an accuracy comparable to that of the 
observations thenmelves. 

The use of the skew curves, and the resulting table, has 
been tested in the cast of 38 records of niininiuni winter 
temperatures, in an attempt to find tlie values below 
which the temperature should not be expected t.o fall 
oftener than once in 10 years on the average. There is 
a lack of symmetry in the fre uency distributions of 

rainfall, but it is in the opposite direction, the greater 
number of the observations being above the niean in- 
stead of below it. The departure, below the incan, of 
tlie value which the winter nlizlimum will esceed in 
one-tenth of the years, or below which the probability of 
an occurrence is 1/10, will he re resented by the abscissa 

case necessary 
as follows (see 

Table 2): 
(1) Find the mean, No, the standard deviation, u, and 

the average of the cubes of the departures froni the 

area of the curve to t,he left of t a e ordinate &ose ub- 

could be used to find t h e avernge interval between occur- 

winter minima about oqual to t ‘fi at in those of annual 

whose ordinate cuts off 10% o P the area from the lower 

fl 
17 For a table of values of the quantity ->, Zor varying vdoluss of :, see Pmr- 

wn K. Tab1e-s for Statisticians and Blometriclans. Cambridge, 1914. Table 11, pp. 
For an ex Iamtlon of the construction and some of the usen of the average in- 

terval curve normal distributlm sea Spillman H: J.,  TdlLy, H. R., & R t d ,  
11‘. 0.. The average Interval curve and its appllcatfon to meteorologic81 phenomena, 

42; 
2-8.’ 
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mean, p3. In the example, M, = + 16.67’F., u = 7.37, and 

(2) Find the value of k, from the formula k =pa/#. In 
the example, k =  -0.69. 
(3) For the value of k thus found, determine from 

Table 1 the value of z/a which corresponds to 10% of the 
area of the curve. For k = - 0.69, this value is - 1.378. 

(4) Multiply the standard devin,tion, u, by the value of 
Z/U thus found and subt,ract the product from the mean, 
Mo. For Portlrund, Oreg., the resulting d u e  is +6.51°F. 
The probnbility that the temperature will fall below the 
vnlue thus obt,ained is 1/10? or what is t,lie same thing! 
tho temperature should fill1 helow t,his vdue once in 10 
years 011 the avera e. 

An ahstrncb of t a e computation of this value for each 
of the 35 select,ed stations is ivcn in Table 3. Au exam- 
ination of the x1 .’s for the difkrent records bears out the 
statement already made thats there are gbnerdly a reat,er 
number of observations nhove the niem than he ’3 ow it. 
At all except four of the stations, k is newative. The 
sign of k depcnds upon the sign of p3, tin8 as already 
shted, if this sign is negative, niost of the observations 
lie above the mean and t,he viilue of t,he mode is greater 
than that of the mean. 

These computed values can not, he expected to agree 
esact.ly with those found hy n simple count, of the lowest 
observed values in each record, i. e., although all the 
recmds esnminecl were spprnximately 40 years in len th, 
it is not to be expected t,lint. the computed values be 7 ow 
which the temperature should fall in 1/10 of the years 
would have been exceeded esnctly four times in each 
record. However, the differences between these com- 
put,cd vnlues and those fomid by counting should be 
proniiscuous, and the two methods should agree in the 
aggregate. If we add togetslier the number of observa- 
tions i n  each record which fit11 below this computed value 
t,he sum slioidd he very nearly one-tenth of the total 
number of ohservations. In these 38 records, with a 
total of 1,519 observations, 150 observations fell below 
t,he values c.ompiit,c?d by this method. Similar values 
were computed at  each station, on the assumption that 
the distribution was normal (k = 0), by sim ly subtracting 
1 . 2 5 ~  from the mean, and i t  was found t P iat 173 of the 
1,519 observations fell below these values. This shows 
that the skew curves are much more :murate, n t  least 
for this purpose? than the normal curve. 

The method was tested further by computing, for each 
of these stntions, tlie value below which tho temperature 
should fall 9 years in 10 on t . 1 ~  averwe. The probability 
that the minimum temperature wih be above such a 
value is 1/10, and the de arture above the mean of that 

the frequency curve. The procedure then was tlie same 
as that outlined above, except that the vdue of Z/U which 
corresponds to 90% of the mea of tlie curve was de- 
termined for the roper value of X. in encli case, and the 
resulting vnlue o P 2 was ndded to the mean instead of 
subtracted from it. Here it  was found that 144 of tmhe 
1,519 observations were above the values thus computed. 
This is not quite such close agreement as that found 
above, but i t  is considerably better than that given by 
assuming normal distribution. There were only 127 
occurrences above the values computed by adding 
1 . 2 8 ~  to the mean in each case. Thus, in an endeavor 
to find values that should be exceeded in 10 er cent of 
the cases, the use of tmhe normal curve gave v 3 ues which 

:were exceeded b only S.3 por cent of the occurrences; 
while the use of t K e skew curves, where 7i as well as u was 
taken into account, gave values thnt were exceeded by 
9.5 per cent of the occurrences. 

p ,  = -276.23. 

value will be re msented R y the ahscissa whose ordinate 
cuts off 10% o P the are8 from tlie upper (right,) end of 
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TABLE 1.-Area of skewfr.epprency curws ,in terms of the abs&sa-&ntinued. 
(Total area of curve==100.) 
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3. 00 .............................................. 

99. 319 I 99. I S 1  
...... 99.392 1 99. f!ij 

-- ............... __ 
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TABLE 2.-CakulatWn of value belour which the winter miiLimum will 
fall once in 10 years, on the average, at Portland, Oreg. 

amimua 
tampera. 

ture. - 
+. d,. 

- 
DF. 

-2 
3 
3 
! 
; 
8 
9 
9 

10 

11 
13 
13 
15 
17 
17 
1s 
18 
18 
19 
19 
20 
20 

21 
21 
22 
22 
22 
23 
23 
23 
3 
24 
24 
25 
25 
26 
I 

16.67 

a0 

...... 

1912 .......................................... 
1898 .......................................... 
1910 .......................................... 
1897 .......................................... 
1908 .......................................... 
1913 .......................................... 
1.%9 .......................................... 
1sQl.. ........................................ 
1 m  .......................................... 
1911 .......................................... 
1581 .......................................... 
1903 .......................................... 
lR77 .......................................... 
1895 .......................................... 
1901 .......................................... 
1904 .......................................... 
sums.. ....................................... 
Mean.. ...................................... 

COMPUTATION. 

d .  

OF. 
-19 - 14 - 14 
-11 - 10 
- 10 
- 9  

- 8  
- 7  

- 6  
- 4  
- - I  
- 3  

0 
0 
1 
1 
1 
2 
2 
3 
3 
3 

4 
4 
5 
5 
5 
6 
6 
6 
6 

- 8  

7, 
; 
s 
9 

11 

- 13 ......... 
-- 

196 
121 

64 
a4 
40 

36 
18 
16 
4 
0 
0 
1 
1 
1 
4 
4 
9 
9 
9 

16 
16 
25 
25 
25 
36 
36 
38 
38 
49 

2,121 

-G,S59 
-2, i 4 4  
-2 744 

-1 uoo 
- i29 - 512 
- 512 - 3rd 

- 216 
- 64 
-& I  

8 
0 
0 
1 
1 
1 
8 
8 

25 
27 
27 

64 
64 

125 
1% 
123 
216 
218 
216 
216 
3.13 
313 
512 
513 
739 

1,331 

-1:331 

-1:GUO 

- 

- 1 2 , w  .........I .......... 

, 
qunntity. ! Symbol. 

-- -. .. 
Nnmber 01 vears 01 observation.. ....... : ................ M U  

JI Mean wint& minimom. I 
COnTQllieIIt nUmher near the mean.. .... 
Departure Irom .If.... ................... I d 
Sum oIcolnmn d ....................... .I Ld 
Aver e departure Irom X.. ........... i Zdin 
Surn3column + ....................... \'dl 
Average olsquare o1dei)artures Irom Jf.. ZdVn 
AverageoIsquareoIdeparturesIrom the I E- (Xd) * 
B t a n d d  deviation.. ................... i us.,/"- 

5 um 01 column d*. 
Average olcube oldepartures from .If... 
Average of cube 01 departures Irom the I , , p ; 4 f -  

n 

............................... mean1 i n-- 

n n  (g) ' ...................... 
.. i JdJln 

menu1 ................................ 
1 

k ................................. I 
Value Irom Table 1 for k- -0.69, and 

Departure below mean that will be 1 
e-weadedin l/lO,oIthe~years.. ........ ., 

Value below which winter ml lmum 

average intrrml- ib.. .................. i 
I- 1.378 c 

will fall In 1/10 of the years.. ........ .I 34-2 

-_ 

Value. 

39 
+16.67"F. + 17- 

-13 - 0.33 

+a. 38 

............... 

+2,121 

+54.27 

F.3i 
-12.889 

-330.48 

-276.23 

-0.60 

-1.378 

10.16*F. 

+6.5loF. 

1 See Dawnport, C. 19.: Statfstlral methods, eci. 3,1914, pp. 20-21, for fnrmulre redurin 
these quantities to the  true mean. The notstiou in the table is different Irom that used 
hg Davenport. 

NOVEMBER, 1916 

TABLE 3.-Abstract of compuhtion of values of minimum winter tempere 
tiues ( t )  which should be exceeded, on the average, once in 10 years. 

Alalwnn ........ Mo14e.. .......... 
Do.. ......... Uontgomery ...... 

California.. ...... Psn Diezo.. ...... 
Do.. ......... San Francisco.. ... 

Dist. of Columldn. \Vsshinztou.. ..... 
17orids.. ........ Key West.. ...... 
Dcorda .......... Augusta .......... 

Do ........... Savrrimah ......... 
Illinois ........... i'airo ............. 
Indiana lndionapolis 
Iowa Davenport 

.......... ...... I ............. ........ 
Do.. 
Do.. ......... 1;eokuP.. ........ .I Des hloines.. ........ ..... 

-- L\nllsss. ......... 
Kentucky.. ..... 
Louisiana ........ 

Do ........... 
JlnrglanJ ........ 
hlIs4ssii,!)i ....... Vickshurg ........ 
Nelaaskir.. ...... 1 North Plnlte.. .... 

Do ........... Oinnha. .......... 
Ncw Jrrser ...... Atlrrntia i?ity.. .... 
Ken- lfcsibo.. ... sauta ~ e .  ........ 
New Tork ....... New Sork ........ 
North Carolina. .. \\'iliiiinaton.. ..... 
Ohio.. ........... Cincinnati.. ...... 
Oregon. ......... Portland .......... 

Pitts! nurF1i.. ...... 
Soul h Carolina.. . l.'hnrlestttm. ....... 
Tennessee ........ linox\.ille ........ 

Do ........... bfeiiiphis ......... 
Do.. ......... Nashville.. ....... 

Te.ws ............ Galveston ........ 
Utah.. .......... Salt LMke 1.W.y.. .. 
Virginia.. ....... Cape Henry.. ..... 

Do ........... Lynchhurg.. ..... 
Do ........... Norfolk ........... 

Wyoining ........ Cheyenne. ........ 

I i I I i o r .  I OF. I 

1.411 - s .97+ 7.93 a 
1.2% -10.81 -29.50 3 
1.320 - 8.94 -25.04 4 
1.274 - 7.11 - 3.49 5 
1.298 - 7.22 - 9. 6R 5 
1.256 - 6.02 - 4 . O i  4 
1.301 - fi. 27 +lo. 81 5 
1.302 - s.14 -10.42 4 
1.378 -10.16 + c. 51 4 
1.37; - 7.50 -10.19 3 
1.3SO - 7.591+14 10 
1.3Q -11.4s - 713.1 
1.32: - 9.29 - 1.82 4 
1.299 -10.01 - 6.71 I 

QBAPHXC METHOD OF REPRESENTING AND COMPABING 
DROUGHT INTENSITIES.' 

By THORNTON T. MUNQER. 
[V. S. Forest Senice, Portland, Oreg., Nav. 1, 1915.1 

It is a matter of intcrest among forcstors to fitid n WILY 
for osprtissing in some graphic quantitative fashion the 
aoiiipnrntive forest fire risk of vnrious years, aiid to 
detiwilliiic tho relative fire risk in various rogioits. There 
aro so ninny factors thnt combine to create a fire hazard 
iii our forests that it is difficult to espross theiii ia a 
stntistical or graphic forni. 

Tho most iiiflueiitial moteorological factors are the 
infre ueiicy of soakiii rains? the total amount of rain in 
the 3 ry season, the cf epth of tho wiittcr SIIOTV a d  the 
tiiiic of its disappearance, tho humidity of tho atmos- 
phere, the froquency of very hot days, the occurreiico 
of high winds, particularly of dry wiiids, and the soasonal 
tomperatires as they affect the time at  which the herbu- 

All theso factom 
niid wind inoremorit arc 
it seems to bc impossible 

them jointly. Tho oiia 
siiiglo factor that has the most important influence on 

and dries zip. 

__ ._ ___- 
lThis method of showing draught severity was descrlbed by District Forecastm 

E. A. Beds at  the nieetlng 01 the Western Eorestr and Conservation Associirtlon on 
Dce. 7, 1914, using diagrams modeled after those or&hted  by the author. 


